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I. INTRODUCTION

The reaction zone in cw chemical lasers (Fig. 1) is generally

maintained at pressures  of the order of 1 to 10 Tor r  in order to pe rmit fast

mixing of the reactants. At these pressur e levels , the spectral line shape

is inhomogeneously broadened (i. e .,  the radiation field interacts  with only a

portion of the excited molecules). As a result , ho le burning 1 may occur

as the degree of optical saturation is increased.

In previous analytical studies of cw chemical lasers , ~~~‘ ~~ hole-burning

effects  are  ignored. In these studies, it is assumed that lasing occur s at

line center of the Dopp ler-broadened line shape and that the latter line shape

is maintained in the presence of lasing. These assumptions provide for

reasonable estimates of oscillator output power for  cases where resonator

configurat ions permit a large number of optical modes. However,  for

sing le-mode operation at pressures of the order of 1 to 10 Torr4’ ~ and for

m~.iltimode operation in relatively low-pressure devices , hole burning effects

need to be considered. These effects ,  in fact , have been reported in Refs .  4

and 5 , where a “Lamb dip” is observed as a single-mode cw chemical laser

is tuned across  line center.

A comprehensive theory for inhomogeneous broadening effects in a

6steady-state laser oscillator has been developed by Lamb. Lamb s theory

is directly applicable to atomic lasing systems wherein the deactivation of

excited particle s (b y spontaneous emission) is fast compared to the particle

-7-
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Fig. 1. CW Chemical Laser with F - P  Resonato r
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collision rate (i. e., the effect of collisions on the excited particle velocity

distribution function is neg lected). Kan and Wol ga 7 extended Lamb ’s theory

to CO
2 molecular lasers wherein the deactivation rate of excited CO2 

is

slow compared to the molecular collision rate. The latter collisions tend

to fill the “hole” induced by inhomogeneous broadening and need to be

considered.

In the previous theories6’ 7 for inhomogeneous broadening effects,

flow prope rties do not vary temporally or spatially. The extension to cw

chemical lasers is not straightforward since flow conditions in the latter

are functions of streamwise distance. Hence, the present study was

undertaken to evaluate the effects of inhomogeneous broadening on cw

chemical laser performance. A simple two-level vibrational model

similar to that used in Ref. 2 is used. A Fabry-Perot (F-P) resonator is

assumed , and the variation of flow conditions with streamwise distance is

considered. Discrete rotational energy states, however , are not considered.

-9-
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II. THEOR Y

The flow is cons idered  to have a un i fo rm velocity u in the -1-x d i rec t ion .

A Fab ry-Pe ro t  ( F - P )  r e sona to r  is aligned with its optical axis normal  to the

flow (Fig. 1).  The total number  of pa r t i c les ,  per unit volume , in the lower

- t and upper  vibrat ional  levels a re  denoted n 1 and n2 , respec tive ly. General

aspec ts of the in terac t ion  between the radiat ion field and the lasing medium

are  discussed.  Ef fec t s  of inhomogeneous b roaden ing  on the p e r f o r m a n c e  of

a cw che mical laser a re  then  deduced.  Steady-s ta te lasing is assumed.

A. GENERAL CONSIDERATIONS

In the fol lowing sec t ions,  in homogeneous broadening and the longitudi -

t nal mode s t ruc ture  in a F -P  resonator  a re  discussed .

1. STATIONARY PARTICLES

Let denote the r e sonan t  ( l ine  cen te r )  f r equency  for  absorpt ion  or

stimulated emission of radiation by particle s essentially at rest. (More

spec i f i ca l l y, co ll is ions a re  permit ted  between par t ic les , but t e r m s  of o rder

v y /c co mpared to one arc  neglec ted . ) For  these pa r t i c l e s , the ga in  at

f r e q uency v can be expres sed

g( ’~i , v 0 ) = C ( ’ ~ ,v
0

) (n 2 - ri 1) ( 1)

w h e r e  a (u , v 0
) is the c ross  section for  s timulated emiss ion  at ~~~. Equation ( 1)

can be wr i t t en  in the fo rm

g~~ , 
~~~ ~ 

- ~~i - n 1) ( 2 )

— 1 1 —
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where ~ ~ o’ ‘~0) is the cross section at and .~/ ( ‘~ - ~~) is the

Lorentzian (homogeneous ) line shape

- 

~~~~~ 

2-~
- v

0
) + ~ ( 

~~~~ 
) j ( 2b)

Here , 
~~ h 

is the charac te r i s t ic  width (FWHM) of the homogeneous line shape

and is a func t ion  of pr essur e (A ppendix A) .  The broadening is due to part icle

collisions. The index of r’~fraction at v can be expressed

x ‘)- V
0f l (~,~~) - 1 =~~~~~ ~~~~

— g(~ ,v 0
) (Z c )

which follows from the Kramers-Kronig relations. 
8

The integral of the homogeneous line shape is a constant. Thus,

f  ~~( V ,  d~ = 
~ 0 ~~~h

where a,~ ~~ h 
is independent of pressure level, but 

~~ h 
and are

proportional to pressure.

2. DOPPLER EFFECT

The effect of random motion of the particles is considered. T + (v )

denotes radiat ion with  f requency  ‘~ traveling in the +y direction , and v the

random par t ic le  velocity in +y d i rect ion (Fi g. 1). Because of the Dopp ler

e f f ec t , the f r equency  v,  which will be resonant  with par t ic les  with a velocit y

V is ~.i - (v / c ) J  which , fo r  the realist ic assumption v / c  << i , bec om es

- 12-
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= V~ [1 +(
~~~

)] ( 3a)

Conversely, the particle velocity v , which will result in resonance with
— +  .I ( ‘ ) ,  is

~ 
= (

~ ) - 1  (3b)

In the absence of radiation , the particles in the upper and lower vibrational

levels can be assumed to have a Maxwellian velocity distribution. The num-

ber of particles resonant with frequencies in the range v to V + dv is then

n(v) dv, where8

n(~ ) = 1 
(4 

in 
2)

1/2 
exP
[
~(4 In 2)~~~~~~0)J

Here , 
~
Vd is the characteristic (Doppler) width (FWHM ) of the Maxwellian

distribution [Eq. (A-I)]. For later use , the notations

p(v)~~~~~~~ (Sa)n p0 H

and 

(V 0
) [(4 ln 2)/~ }

h/2 
(Sb )

-1 3-
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are introduced. Note that

f  ~ ( v )  dV p(v ) d~ = I

Upon reflection from a lossless mirror , I + (v )  will be converted to

which, as a result of the Doppler effect , interacts with particles with

velocity v / c  = - [ (v ) / v 0) - 1]. Thus, 1 (v )  interact with the veloc ity groups

v /c = ± [ ( v/ v 0 ) - 1], respectively. Note also thatl (v) and I + (2V 0 
-

in teract  with the same particles. This equivalence is used in the subsequent

treatment of an F-P resonator.  In particular, particle groups are identified

by the resonant frequency associated with the wave T + (v ) .  Also , integration

over all population groups is accomplished by integrat ion with respect to v

in the interval -~~~ < v < ~ rather than by integration with respect to V
y 

j tt

the interval -~~~ < v < ~~~.y

3. INHOMOGENEOUS BROADENING

Under lasing conditions , the particle distribution function is perturbed

from the Maxweflj .an , and more general distributions need to be considered.

Thus , from Eq. (2) ,  the gain and refractive index at v ’ resulting f rom

particles that are resonant with radiation in the range v to v + dv can be

expressed as (Fi g. 2)

d g(v ’) ~0~/~(v ’ - v) [n 2 ( V )  - n 1(v ) }  dv (6a )

I

d [~~(v ’) - = Z~~v 0 

V - V  ~~~~~~ - v) [n
2

(V )  - n1(v )J dv (6b )

- 14-
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Fig. 2. Gain and Refractive index at v ’ as Result of
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The net gain and re f rac t ive  index at Y is then found by integration over all
par t i  -le groups.  The result is

g(v ’) = a 0f  ~ ‘(v ’ - v) [n 2 (~~) - n
1 (v)] dv (7a)

- 1 V
A .~~(v

l 
- v) {n

~~
(v )  - n~~(v)] dv (Th)

Equation (7) define s the gain and refractive index of an inhomogeneously

broadened medium. The evaluation of Eq. (7)  for  a chemical laser medium
_±

is the subject of the present  study. Amplification of I (v ’) is found f rom

_ +
d1 (v ’) — +

dy = ± g(v ’) I (v ’) (8 )

For a nonlasing medium , Eq. (4) is applicable , and Eq. ~~
‘) be omes

(~ / Z )  
~~~~~~~ ~~2 

- fl
j

)]  
= p(v) ~ (v ’ - v) 

~~~h 
(9a)

- - (4 Tr / X)  [1~(v ’) - 4 V - V (v )  ~~(v ’ - v) —
~~

-
~~~-- (9b)(ir / 2) {o~~~ ~~

V
h 

(n 2 - n 1)] 11~ 
-~~~ ~~

Vh 
-

The right-hand sides (RHS) of Eqs. (9a) and (9b) equal the real and imaginary

part of a complex error function. ~ 
10 

For (p0 ~~
V h

)
2 

<< 1, ~1”~se quantit ies

can be deduced from Eqs. (B-Id) and (B-le) with = 1 therein.

-16- 
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4. RESONAT OR MODES -

An F-P resonator can support longitudinal modes centered at frequen-

cies ‘j = Nc /2L, where N is an integer and L is the separation between

mirrors .  The longitudinal mode separation is then = c/ZL. A typical

long itudinal mode distribution is illustrated by the solid line s in Fig. 3. The

frequency width of each mode can be assumed to be small compared to

~~
V
h

A convenient notation for  dealing with the interact ion between the

resonator modes and the gain medium is now introduced. Without loss of

generality it can be assumed that one longitud ina l mode , centered at v 1, is

located in the interval

< v 1 < v~ + (±;.~..) (10)

The central f requency of the longitudinal modes can be expressed in the form

V .  = v 1 + (j - 1) 
(~~~~~~

-

~~~) 

j = 1,3 ,5, ... ( h a)

= + j (__
~~) 

j = -2 , -4 , -6 , ... ( l i b )

These f r equenc ies  are  denoted by solid l ines in Fig. 3. The radiation

I (u.) interacts with particles characterized by the frequency v = in

Fig. 3. The interact ion results  in the “holes ” indicated the re in .  As pre-

viously noted , the interact ion of the ref lec ted  radiation I - 
(v.) with the

I ~~~~~~.
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Fig. 3. Longitudinal Mode Structu re in F -P  Resonato r .
Solid lines denote longitudinal modes. Dashed
lines denote additional r odes for equivalent
resonator with radiation in +y direction only.
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I

las in g medium is equivalent to the interact ion of T~~ (2 v 0 - v
3

) with this

medium. An equivalent I ( v . )  radiation field with frequencies defined by

v
i 

2v 0 - ~v 1 + j  
~~~~ 

j = 2 , 4, 6 , ... ( 1 2 a )

- + (j + 1) 
(

~~~~~~~~~ ) 

j = -1 , -3 , -5 , ... ( l Z b )

is considered.  The latter are  indicated by the dashed line s in Fig. 3. These

lines are  the  m i r r o r  image of the solid line s , about and also have a

separation ~~v .  The resul ts  of the present  approach are  identical with those

obtained f rom an F-P  resonator  with both I~~ and T radiation.

A f u r t h e r  simplif icat ion can be introduced. Because of the symmet ry

about v 0
, only lasing f requenc ies  in the in terval  v . >  v 0 

need to be

considered.  These a re  given by Eqs. (h a) and (12a). In part icular ,

j = 1 , 2 , 3, . . . j~ is cons id ered , where  is the value of j for  the last (final)

las ing t rans i t ion  in the interval  v~ > v 0. The total number of lasing

t rans i t ions  is 23 f~ The sum of a qua ntity ( ) . over all j is the n

i_ _i f i f
~~~~~~

( )
~~~ E~~~~ ( ) . = 2 ~~~~~~ ( ) ~ (13)

3 j = ± 1  j = 1

When lasing t r ans i t ions  are separated by a frequency difference of order

Av h . they compete for the same particles. Later , AIV h<< ~~v is assumed

- 19- 
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so that , at most , only two radiation fields can compete. Two cases can be

distir ~uished. When 0 < v 1 
- v 0 < (~~v /4 ) ,  the separation between adjacent

modes ~ v is (Fig. 3)

= 2 (~~1 
- v 0) ( 14a)

If 
~~v / ~~

V h = 0 ( 1 ) ,  competition will occur between v 1 and v 1, v 2 and v 3,

and Here , is odd. When (~~v /4)  < v 1 - v 0 < (~~v / 2 ) ,  the

separation between adjacent modes is (Fig. 3)

( h 4 b )

If ~~V / ~~v~ = 0(1), compe~iLwn occurs between and v 2, v 3 and V
4 

Here , is even. When ~~v 5 >>A~
Vh~ 

no mode competition occurs.

The ope n interval is used in Eq. ( l O j  to avoid the degenerate case

where  two lasing transit ions overlap in Fi g. 3 (i. e. , ~~v = 0). This case

is treated here in  by consideration of the limit ~~v — 0.

5. RESONATOR BOUNDARY CONDITION

Diffract ion effects are neg lected and it is assumed that each m i rr o r

of the F-P resonator  has the same reflectivity R .  Later , it is assumed

that there are semichannels , each of width w, and that the lateral width

of the gain reg ion in each semichannel is y
f

(X)  (Fi g. 4). Under steady-state

lasing conditions, the net gain per pass equals the net loss per pass at each

F -20-
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s treamwise station where lasing occur s For these conditions , the local

gain is defined by

-in Rmg. = (15)
j n Yf

(X) c

w h e r e  g. g (v .) .

B. GENERAL SOLUTION

The equations that define the effects of gain saturation on the perfor-

F mance of a Dopp ler-broadened cw chemical laser are  deduced. A premi.xed

flow is first discussed. Effects of diffusion then are introduced.

1. PREMIXED LASER

At suff icient ly low p ressu res , the rate of diffusion can be considered

-. 

- f a s t ,  relative to the rate of the chemical reactions in a cw chemical laser.

For these conditions , the reactant s can be considered to be premixed and

to start reacting at x = 0. Fluid proper t ies  are  a function only of s t reamwise

distance x. The rate of change of n 2 ( v )  an d n 1(v)  with x can then be

e x p r e s s e d

(v )  — dn
U dx = p( v )  U - k d n 2 ( v )  + k [~~(‘~ n z - n z ( v ) ]

n
2

( v )  - n
1

(v )

- 

€ ~~~ 
I~ C( V . , v )  ( 16a)

- 2 % -
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dn 1(~~) 
—

U dx = 0 + ked n2 (v)  + k [p ( v)  n 1 -

n (v)  - n (v)
+ 

2 
~~~ I.. o ( v . , v )  ( 16b)

where T~ n T + v
3

) and nT = n 1 + n2. The terms on the right-hand side of

Eq. (h 6 a )  have the following interpretation. In the first term , the chemical

pumping reaction (which is considered known) 2 is assumed to create only

n
2 

particles, which initially have a Maxwellian velocity distribution. The

second term represents the loss resulting f rom collisional deactivation. The

rate c -efficient k
~~ 

is assumed to be independent of j . The third term

represents the creation of n2 (v)  as a result of cross relaxation. The latter

is assumed equal to the product of a cross relaxation rate coefficient k

with the difference between the equilibrium Maxwellian value and the local

value of n2 (v ) .  This model is similar to that used in Ref. 11 , in which a

steady-state four-level amplifier was treated. The last term represent s

the loss of n 2 (v )  as a result of stimulated emission centered p .. This

term is deduced from Eq. (8) and is nonzero only when v - v~ ~~~~~~~~
When n is in moles per unit volume , the quantity € equals the energy per

mole of photons. The terms on the ri ght-hand side of Eq. (16b ) can be

deduced from the preceding discussion.

2. DIFFL.~ION EFFECT

A simplified diffusion model is adopted (Fig. 4). It is assumed2 ’ 12

that the chemical reactants  are prernixed , but do not start  to react until

-22-  
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Fig. 4. Simplified Model of CW Chernic 1 Laser.
A single semichannel is shown .
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they ente r the reaction zone bounded b y y1 = y1(x) .  Laminar  and turbulent

mixin g are  modeled by

( — ~j  = ( _
~~ — \  ( 1 7 )

\ w j  \X D /

where  m - 1 /2  and 1 for  lamina r and turbulent  flow , respec tively. Here ,

w is the semiwidth of a sing le oxidizer  (F) nozzle , and xD is the distance

at which the react ion zone reaches  the nozzle center l ine.  The latter is a

measure  of diffusion rate and is assumt ~d to occur downst ream of the las ing

reg ion .

W he n mea n r at es are used , flu ~..i p rope r t i e s  within the react ion zone

may be assumed to vary  onl y with x. For specie s n 1, the variat ion can be

12, 13
exp ressed

~ 
d [ ( n .  - (nj ]  Y f

Y f 
dx 

— = w 1 
( 18)

where (n.)~ is the number density ups t ream of the f lame sheet , and w. is

the vo lumet r ic  production rate of n . result ing f rom chemical , coll isiona l , and

radia tiv e p r ocesses .  Note that [n 2 ( v ) I ~ = 0; Eq. ( 16a) becomes

d [n 2 (v ) yf] u p ( v )  d(n T yf)

Yf dx y 1 
dx 

- k cd n 2
(p)

— 
n

2
( v )  - n 1 (v)

~ 
k [ p ( v ) n 2 - n 2 (v ) ]  ~~~

(1 ( 1 )

-24 -

_ _ _ _ _ _  

~~~_—- --.--~~~~~~ ~~~~~~~~~~~~ --~~~~~~~~~~~~~~~~~~~~



.-___.__-_-_._-.~ __-__,_ -_*_ ~~ -—“-- ~~~~~~~~~- ,‘r-r “r  - -- - .

A similar equation is deduced for n1(v ) .  The following normalized unit

order variables are introduced

“2 Yf n
2

(v )  y
fN =  N = — (20a)2 n w  2v n w pr r o

n
T Yf n

1
(v )  YfN = N = — (20b)T n w lv  n w pr r 0

k x k xcd cd D
b u ~D u (20c)

k a(v.,v)
R = - ~~~

-
~
- ,~~~

‘. = (20d)

r
~

= :
~~~~~

d 

I= ~~~~~I. = 2~~~~~ I~ (20e)

g . y f - m R
— G =  .! ‘~ ( Z O f )

3 a0 n r ~~~h ~~~0 
W C a 0 ~

1r ~~
V
h Po W “sc

Here , n r is a charac te r i s t ic  number densit y, which for a chemical laser is

taken to be equal to the F atom concentration upstream of the flame sheet

(n [F] ). The local lasing intensity T. is normali ze d herein by e kcd /a O.

Thus , the quantity I~ is the ratio of the stimulated emission rate to the rate

of collisional deactivation of part icles  in the f requency interval about

v. .  An a l t erna te  normal izat ion , not used herein , is I = I/ I  where

~~~~~~~~~~~~~~~~~~~~~~~~
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in the present  model [e .g.  , Eq. (28) ] .  Thus 21/ (1 + R) is a measure  of . -

degree of saturation in the present model. The normalized gain at v. is

obtained from

G. ~ ‘( v - v~ ) (N 2 - N 1
) 

~~~h 
(2 1a)

In the absence of lasing, N2 
- N 1 p ( v )  (N 2 - N 1), and

G~ = (N 2 - N 1)f p( v ) j ( v  - v . )~~~~~ ( Z i b )

When 
~
V
h
/
~
Vd

<<l
~ 
Eq. (Zlb) becomes 

—

G . = 
(~~~ 

p. ( N 2 - N 1) ~1 + 0 
(~~~

-

~~)~ 

( Z i c )

w h e r e  p ( v . ) .  Threshold  is reached when = G~~.

Substitution of Eq. (20)  in to  Eq. ( 19) and the equivalent express ion  for

r’
1

(v )  yield s

d N dN

d~ 
= 

~~~~~~~~~ dC 
- N 2 + R [ p ( v )  N 2 - N 2 ]

- (N z~ 
- N 1

)~~~ /~ I~ ( 2 2 a )

3

-26-
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d 
~~ = N 2 + R [p ( v )  N

1 
- N 1 ] + (N 2 - N 1 ) ~~~ il I. (22b )

w here  d N T /dC is known . In tegra l s  of Eq. ( 2 2 )  f o r m  the basis of the present

stud y. Addition of Eqs. (22a )  and (22b)  and integrat ion with respect to ~ 
- 

-

and v y ields , respectively,

N 2 + N 1 p(v)  N T (Z3a)

and 

N 2 + N 1 = NT (23b)  I
The fact  that Eq. (23a)  is independent  of R is somewhat surpr is ing  and indi-

ca tes that the inc rease  in N 2 ,  as a resu lt of cross relaxation , is offset by

an equivalent loss in N 1 .  Equation (23b )  is consistent  with the definit ion of

N T . Subtract ion of Eq. (22 b)  f r o m  Eq. ( 22a )  and in tegrat ion with respe ct

to v y ie lds , respec ti ve ly ,

d ( N - N  ) [dNZ V  + ( 1 + R )  (N 2 - N 1 ) = p( v)  - N T + R(N 2 
- N 1)

- 2 (N - N )~~ (J~• I • (2 4a )ZV lv  j  j
I

-27-
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and

dN —
dC + (N 2 

- N 1) d~ 
- N T - Z ( p o~~

vh
) G I  (24b )

T he last term on the right-hand side of Eq. (24b) follows because G. =

when I. � 0. The zero power solution I = 0 of Eq. (24b) is

N
2 

- N 1 = 2 e~~f 
e~~° (

~
) d~0 - NT (2 5 )

which , together with the relat ion N 1 + N 2 = NT ,  define s N 1 and N2. In

order  to evaluate Eq. (24)  for  I � 0, note that for  I~ � 0 (i . e.

3 C

j  - 

d (N 2 - N 1 ) ~~~~ 
= 0 (26a)

Equation (Z 6a )  is satisfied by d (N 2 - N
1

)/ d C  = 0 , which is a sufficient , but

not a necessary,  condition , sugges t ing  that for  I. � 0

d(N
2 

- N
1 )/ dC

rdNT 
V V 1 (26b)

- N T + R(N2 - N 1~]

-2 8- 
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be assumed* in Eq. (24a). The latter becomes, with j ’ used as the summa-

tion index,

p( v) [ ( d N T I d C )  - N + R ( N  - N 1)]
N — N  = (27)

2v lV  1 + R + 2 .~/‘(v - v~~) I~ i

M ultiplication by .~f(v - v~) dv/
~
vh and integration y

ields, for I. ~ 0,

I + R G 
— ~ 

p (v )  T(~ - v~) dv fA vh
P~ 

(dN T / d C)  - N
T + R (N

2 
- N

1
) 

- 
P~ J ~~ 1 + [2 / ( 1  + R ) ]  ~~~~~~ T(v - v

i
i )  I

j
I

(28)

Equation (28 )  provides ~f implicit relations between I. and N 2 - N 1, which

can be used t o int eg ra t e Eq. (24b) .  This integration provides N 2 - N
1 

and

I. as functions of c~, and all other laser pr operties of interest can be readily

deduced. For example , the power emitted in the interval 0 ~ x0 ~ x by a

laser  of unit height is found f rom

P(x) = n f
X 

y f
g I dx 0 ( 29a)

The validity of Eq. (26b )  for  cw chemical lasers  can be fur the r supported
b y noting that all quantities in this equation are  of o r d e r  one except  for  R
which can be considered large (Appendix A).  The validity of Eq. (2 6b)  fo r
mode ra t e  values of R , however , requires  fu r the r  stud y.

-29-
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In nondirnensional variables , Eq. (29a) becomes

P(~~) P(x) 
=

~~~~~ O~~~~~
V

hf 

G IdC 0 
(29b)

The streamwise station at which lasing ends (I = 0) is denoted 
~e and the

corresponding laser net out put powe r is denoted 
~~~ 

Similarly, the refrac-

tive index in the lasing reg ion can be obtained from

1 + R 2~ 
[fl ( v .) - 11 Yf /w rdN T

P~ 
K aO n r pO ~~ h Lar - NT + R (N 2 

- N
1)]

J~ 
v. - v p(v)  T(v . - v) dV/ ~~vh

=—  -~ ( 19c)
-cc ~.Vh 1 + [ 2 1( 1  + R) ]~~~ ~‘(v~i - 

~~~~

For cases with no mode competition , Av~ >> the summation in Eqs. (2 8)

and (29c)  contains only a sing le term and the integrals can be evaluated in

closed form (Appendix B) .

The solution of the system of equations defined by Eqs. (24b ) and (2 8)

genera l l y requires numerical integration. Closed form solutions can be

obtained in limiting cases , however , and these are discussed in the next

section.

C. LIMETING CASES

The assumptions 
~
vh << and <<~~ Vd are  introduced in order

to simplify the integration of Eq. (2 8) .  The limiting cases [21.1(1 + R)] 2 
<< i

and ~~v <<~~~
v h are  then discussed.

-30-
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When Av h << ~~~~~~~~~~ at most , two radiation fields compete for the same

part ic les .  These fields are  denoted j ’ = j  and j ’ = j + I in Eq. (28).

From the assumption 
~

vh << 
~~~d’ it follows that p(v)  p~, and , when two

fields compete , I~ ~~~~ The ri ght-hand side (RHS ) of Eq. (28)  then becomes

cc Sf(v - v . )

RHS 
1 + [2 1(1 + R)]  I~ [~/~(~ - v

5
) +~~~v - v~~~ )] (30)

where , f rom Eq. (14) ,  Vj .f j  - v~ ~~v 5 . Two limiting cases are  treated ,

i. e. , [21./(l + R) ] 2 << I and ~~v << Av h.

I .  CASE [ZI./(I + R)J
2

<< I

The present case corresponds to weak saturation. With the expansion

( 1 + € Y 1 
= 1 - € + 0 (p.

2
) and the use of Appendix B,

RHS =~~ ~l - 
l + R  

[
i+~~(~~~)] 

+0 
(1~~~R)

2} (31)

-: Substitution into Eq. (28) ,  taking the reciprocal  of both sides , and solving

for I~ y ields,

21. 1 [(dN T /dC ) - N + R(N 2 
- N 1)] p. 1

_ _ _  — 
2 T i - i ’  32)

1 + R - 

~~v L2 (1 + R)  G j
1+ ( f (—~~ )

The total intensi ty is , f rom Eq. (13) ,

-31- 
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21 4 ir [(d N T /d~
) - N T + R(N 2 - N 1)]~~1.,~ .

1 + R = 
/~~v~ \ ~J (1 + R )  C ~~~L.1 ~~ 

-

I + j = i
(33)

The present  solution is self-consistent when the square of the r ight-hand

side of Eq. (32) is small relative to one.

A closed-form solution of Eq. (24b) can be obtained in the present

lim~.t. With the constant s

2r r R ( p o~
vh ) 

~~~

A = I +  
j = 1

I + ~(-_.~i) ( 34a)

B = 1 - 
A 1 (34b )

4j f ( I + R ) G p o~~~
v h

C = lAy  \ ( 3 4 c)

i + ~~~~
-_

~~.)

in t r oduced , Eqs. (33) and (24b) become

2 ( ~~O Avh ) G 1 A
~~~1 ( a ~~ _ N T ) + ( A - 1 ) ( N Z - N j ) _ C  (35)

d ( N
2 

- N 1
) /dN T

dC 
+ A ( N 2

_ N
l) = B~~~dC 

_ N T)+C (36)
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Equation (36) applies to the nonlasing as well as the lasing reg ime . Lasing

is initiated on a given transition v~ at the station , where G. f i rs t  becomes

equal to G
~ 

[Eq. (2 Ic)]. At small ~~~, N2 - N 1 is small and threshold is not

reached. Here , A = B = I , C = 0, and Eq. (36) agrees with Eq. (24b), with

I = 0. Lasi.ng is f irst  achieved , by definition , on the v 1 transition. The

quantitie s A, B , and C are  then re-evaluated ~~th = I and remain con-

stant until the second transition is initiated. Thus , A , B , and C are piece-

wise uniform in intervals < ~ < 
~~~ i’ which are defined by the initiation

or termination of lasing transi t ions.  The piecewise integral  of Eq. (36) for

the interval  to C i ~~ 1, is

e (N 2 
- N 1) e~~~0] = (A + l)f e~~~

0 
~~~~ d~

+ - N
T) 

e~~~°] 
(38)

The net powe r emitted in this interval is f rom Eqs. (2 9)  and (35)

A -  1 ~~o)1 = (N T 
- 

A - i  t o ) ’ + 
f 

[R (N 2 - N 1) - NT] dC 0
ic i c i ~i

(39)

- 33- 
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where  N 2 - N 1 is obtained from Eq. (38) . Equations (23) ,  (35) ,  (38) ,  and

(39) define the performance of a chemical laser , provided NT is known.

2. CASE AV <cZ.A Vh

In this case , the competing lasing modes have nearl y the same

frequency.  Thus . ‘J~(v - v.~~1) ~~t(v - v~) [1 + 0 ( A v s /Av h )].

Integration of Eq. (28) and the use of Appendix B yields

zi. 
~ ~~ 

[(d N T / dc)  - NT + F• - -‘-

~~~~~~ ~~~ ~~~ (40)
1 + R  2~~ [2 ( 1 + R )  j

and

2 1 1~ 
(dN T / dC) - NT + R ( N 2 - N 1) ç-~ 2

I + R = 2 (1 + R) G - (41)

L

In the limit , [1.1(1 + R)] 2 << 1, Av 0. Equations (32)  and (40)  a re  in

agreement , as expected. Substitution of Eq. (41) into Eq. (24b) y ields a

f i r s t -order  nonlinear equation that requires numerical integrat ion.

D. PUMPING RAT E

An expression for  NT is needed. A useful limiting case is to assume

that the chemical react ion that creates excited species (i . e. , the pump ing

reaction) is fast relative to the diffusion rate. In the present  model , 2 , 12

this reaction is equivalent to the assumption that °r ~~ e.- , [F ] )  is con-

ver ted to n2 (i. e. , [HF ’
~]) at the instant that the n r par t ic les  enter  the

reaction zone bounded by Yf. It follows that

-34-



I

yf I -

N I -~--- 1 ( 4 2 )T w

w h e r e  m 1 / 2  and 1 for l amina r  and t u r b u l e n t  flows , r e spec tively.

E. L A M I N A R  DIFFUSION

Lamina r d i f fus ion  is c o n s i d e r e d  and anal ytic solutions deduced f o r  the

z e r o - p o w e r  case and for  [21 ./ t i  f R) J 2 
~< 1.

1. Z E R O  POWER

Substi tution of Eq. ( 4 2 ) ,  wit h m 1/ 2 , in to Eq. ( 2 5 )  y ields

~D (N 2 - N 1) 2D(ç 112 ) - 
p 1/ 2  (4 3)

w h e r e  D( ) is the Dawson i n t e g r a l . Since gain sa tura t ion  e f f ec t s  do not

en te r  into the ze ro -power  solution , the p resen t  r e su l t s a re  ident ical  to those

of Ref .  2. The population i nve r s ion  has a max imum D
112 (N 2 

- N 1
) 0 . 3 5 2 8

at = 0. 3051. The i nver s ion  is ze ro  at 1. 1301 . F u r t h e r  resu l t s a re

given in Ref .  2. The station at w h i c h  lasing is in i t i a ted  can be de te rmined

f r o m  Equations (43)  and ( 2 1 ) .  Thus , fo r  j = 1 , las ing is in i t ia ted  at the

station 
~~~~~

, which is def ined  b y

- 112 G
2 bD c 

~D (N 2 - N 1
) . 2D(~~ 

/2 ) - 
1/2 (44 )

from which , it follows that 0< < 0. 3051 . Values  of G that  pe rmi t

lasing are defined by Z
~ D

1 /2 
C /irp

1 
< 0. 3528.
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2. CASE [ 2 1 . 1 ( 1  + R) ] 2 << 1

Substitution of Eq. (42 )  int o Eq. (38) yields

ft c~~
2 

[(N2 - N 1) e
A

~ O]

C 
= (e

0
~~~~~,~ D~(Ac O)~~ 2] -(c~~~

2
) + ~~~~ ~ i f 2 ~

)

~ —

(45a)

1/2 C
AJ

C 
C~~

2 
(N 2 - N 1) dC 0 = ( A +  1 ~~1/2 

- 

D [(AC 0) 2 c~~
2 

+ ~~ c~~~
2 

c~)

+ ~~~~~~ ~~~ 
- 

i] 

~ A 112 D [(A C .)~~~
2
] - 

1/2

1/ 2  
- 

A ~i / 2  (N 2 -N 1).~ (45b)

Substitution of these express ions  into Eqs. (35)  and (39 )  y ield s explicit

e x p r e s s io n s  for  the local lasing intensity and net output power.  It is of

interest to evaluate the lasing intensity at the station where  lasing is

initiated. Substitution of Eq. (35) [note Eq. (34)] yields (with p~ = p 1 and

~ i/ 2  G Ii = 
2 -~~ / 2  

- 2D ( / 2 )~ (46)

I +
~

(—
~

-) ~i

-36-
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For near 0.3051 , I is small and the assumption [1/(1 +R)]
2 

<< 1 is

satisfied for all values of R. For small 
~1, the value of R must be large

in order  for the solution to be self-consis tent. The present  solution is now

examined in the limit 
~~ 

- 
~~~ . small and in the limit R —.- cc.

1

Consider C - C~ small and R � cc The net powe r emitted up to station

~ is found by expanding I in a Taylor series about C 1 and substituting into

E q. 29b. The result is

P( C)  = 1
~o ~~~h Gc 1

~ 
(C - C . )  ~1 + °[(*) ( - ~)] (4 7)

Thus , the output power is proportional to 
~~ 

and is independent of R.

In this case , particle residence time in the lasing region is too short for

cross relaxation to contri bute to the laser output .

In the limit R —.- cc , the solut ion becomes , for  J f =

N 2 - N 1 = (N 2 
- N 1). + 0 (~) (48a)

— 1/2 Zir p 1 (po Avh)2 (p 0 A V
h

) CD G I =

1 + /‘

x - 
1/ 2  

- 
1/2 (N 2 - N 1 )~]

for ~ C~~ ( 4 8 b )

(Continued)



= 

Z~~1/2 - C 112 
- (N 2 - N1)1

/ —A ( C — C ~~)
\ I+ O~~e j +o (~ ) for C >

(48c)

2 C ~~
/ 2 Pe Ec 1/ 2 2 

~~
3 / 2

- 
1/ 2

(N N ) C ] ~~
e

O~~~
1
~~ (48d)

= + (~[c~~ (N
2 

- N 1).] + 2~
1l2 

- C~~
2 (N 2 - N 1) .) ( 48e)

In this limit the cross relaxation is sufficiently fast that the lasing medium

acts like a homogeneous medium. There is no hole burning, and the results

are  the same as those deduced in Ref. 2. Note that I is discontinuous at

= ., a result  of the assumption R —.- cc and the corresponding neg lect of the

te rm of order  ~~~~~ 
- j )  in Eq. (48c).

3. CASE A — S << Avs h

Laminar flow solutions are obtained b y the substitution of

NT = (C/~D
)h / 2  into Eqs. (41), (24b) and (29). Numerical integration is

required.
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III. RESULTS AND DISCUSSION

The parameters deduced herein are similar to those in Ref. 2, except

f o r  the additional pa ramet e r s 
~c Av h = 0. 9394 Av h /Av d and R. T ypica l

va lues  fo r  cw chemical  l a se r s  are  discussed in A ppendix A. In part icular ,

R = 0 (100) and Av h /Av d = 0[0. 01 x p ( T o r r ) ] ,  where p is the net static

pressure in the lasing region and generally is in the range p(Torr) = 0(1-10).

Since Av
h
/Av

d 
and R are small and large , respectively, in chemical lasers

the latter generally appear as a product [e. g. , Eqs. (34) ]  which can be

a p p r o x i m a t e d  by ( A v h /Av d ) R = O[p (Torr)]. As previously noted, inhomoge-

ne~ us broadening effects become negligible in the limit R —~~ cc, Effec ts  of

finite R can be deduced from the numerical results discussed subsequently.

Continuous-wave chemical laser performance has been evaluated for

laminar mixing, a sing le long itudinal mode (3 f = 1), 0. 1 ~ G ~ 0.5, 0.01 ~

~ 0. 1, and 10 ~ R ~ 100. The limit R 
-

~ ~ has also been considered . The

results are given in Table 1 and Figs. 5 and 6. Results for l ine-center  opera-

tion , -
~ y0, are given in Table 1 and Figs.  Sa , 5b , 6a , and 6b. The approxi —

mate theory, i . e .  [ I/ (1  -
~~ R ) ] 2 << 1, is in good agreement with the exact theory

[Eqs . (24a) and (4 1)] for [1 1(1 + R ) ]
2
~ 0(

1), particularly with regard to net

output powe r 
~~~ 

The variation of the differential number density 4~
12

~~i~.i with

~ 
in the lasing region 

~~~

. 

~ 
ç 

~ C e is shown in Figs. Sa and 6a for  A
~ h t~~~d = 0. 1

and 0. 01 , respectively. The quantity C~ f2 ~~N continues to increase,  after

lasIng is initiated . The increase is more pronounced for  Av h /Av d = 0. 01.

This result is in contrast with the homogeneous case (R -
~ cc), wh e r e
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Fig. 5a. Chemical Laser Performance for Laminar Mixing,
Single Longitudinal Mode (j~ = 1), and A Vh/ Av d  = 0. 1.
Equation (45) is used in approximate solution , i. e . ,
[11 (1 + R)]2 ~~Z 1. Equations (24b ) and (41) are used
in exact solution. C h/Z AN versus ~ 

for v1 = v0,
C ~ Ce ’
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Fig. Sb. Chemical Laser Performance for Laminar Mixing,
Single Long itudinal Mode (if = 1),  and A Yh /Ay d  = 0. 1.
Equation ( 45) is used in approximate solution , i. e.
[ I /( 1  + R)]2 << 1. Equations ( 24b) and (4 1) are used
in exact solution. I versus ç for vj  = v0 .
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Fig. 5c. Chemical Laser Performance for Laminar
Mixing, Single Longitudinal Mode (J f = 1), and
Avh / Avd  = 0. 1. E quation ( 45)  is used in approxi-
mate solut ion , i . e . ,  [ 1 1 ( 1  + R)]2 << 1. Equa-
tions (24b) and (41) are used in exact solution.

ve rsus  (v 1 - 

~O ) / A v d .
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remains constant in the las ing region. Similarly, the local lasing intensity

I tends to f irst  increase with ~ 
and then decrease to zero (Figs . Sb and 6b).

In the corresponding homogeneous medium, I decreases monatonically with

C downstream of the region where lasing is initiated. The approximate theory

tends to underestimate the upstream value s of I and to overestimate the down-

stream values. Reasonably accurate estimates of net outpower 
~~e result

even for  those cases in which the appro dmate theory for the streamwise

variation of I departs significantly from the exact theory . The effect on out-

put power of operation off of line center is indicated in Figs. 5c and 6c. For

R � 
~~~, the output power has a local minimum at = becaus e I+ (v 0) and

I ( v 0 ) compete for th same molecules. The output power f i rs t  increases

with an increase in since I+ (v 1) and I (
~~i

) tend to interact with different

molecules. The power is at maximum at - = O(z~
vh ). Thereafter , P

decreases with increase in becau5e of the decrease in p (v ) .  The resul tant

di p is s imilar  to that deduced by Lamb . 6 For a g iven value of G , the

departure from the curves R = cc in Figs. 5c and 6c represents the effect of

i.nhomogeneous broadening on output power. The departure is small when

(
~~~h /~~~d ) R  2 10. Thus , the departure should be small when cw chemical

lasers operate in the pressure  reg ime p ( T o r r )  20(10) .  Inhomogeneous

broadening effects become importan t for  sing le-mode lasers operating in the

regime p ( T o r r )  ~ 0( 1). In this p r e s su re  reg ime , howeve r , the use of multiple

lon gitudinal mode s [ i .e . ,  
~~~ /~~

vd << 1 and 
~~~h ’~~~c = 0( 1)]  can result in

eff ic ient  power extraction.
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The Lamb dip has been observed , experimentall y,  in cw chemical

l ase rs .  The variation of sin gle mode output power with lasing f requency4

is reproduced in Fig. 7 and is similar to the curves  in Figs. Sc and 6c .

The streamwise variation of index of re f rac t ion  can also be deter-

mined. Consider cases wherein there is no mode competition , i. e.

>> 
~~~h’ The index of ref ract ion at each lasing t ransi tion v . can be

exp r e s s e d [e . g . ,  as Eqs. (2 8) ,  (2 9c) ,  and Appendix B].

( 2 i i /X) [1] (v . )  - 1] ~~~ . D(X)

g = 
~112 

- + 0(Y)]  (4 9)
C TI

where  X , Y and 
~~~

. are defined in Appendix B and g is the threshold gain

[Eq. ( 15)] . Equation (49) is similar in fo rm to the result deduced from Lamb ’ s

theory
6’ 10 wherein 

~ 
g~ /p~ represent s line center-zero 

power gain. The

local value of index of refraction in the present  model is seen to depend on

~~~

. which is a measure  of the local degree of saturation and is evaluated

f r o m  the solution of Eqs. (24b)  and (28) .  For cases where (A
~.h /~~

vd ) R >> 1,

E q. (48c)  indicates that 
~~~

. = 1 + 0 ~[(~~vh /~~~d)Ri 1
~ . For the latter cases ,

“hole burning ” effects are  neg li gible since the local index of r e f rac t ion

equals the value for  an inhomogeneously broadened medium with line center

gain equal to ~~~~~~ 
That is,  the index of re f rac t ion  is proport ional  to the

threshold  gain and is unaffected by the zero powe r gain.
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. P2(4) Laser Transition of HF. Ex-
per imenta l  resul ts  are f rom Ref.  4.
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IV. CONCLUDING REMARKS

It has been assumed that the strearnwise length of the Fabry -Pe ro t

resonator equals the s treamwise length of the positive gain reg ion in order

to extract as much power as possible f rom the lasing medium. In these

cases C e 
is of order one (e. g., Table 1) and the resonator length Xe 

is of

the order  of the charac te r i s t ic  collisional deactivation distance x = u / k  .cd cd

Thus, the particle transit time x / u  is of the order of the character is t ic

collisional deactivation time k~~j. The result that inhomogeneous broadening

e f fect s a re small f or (A
~ h /A~~d

) R ~ 0 (10) is the re fo re  physically rea list ic

since A\ h /~~~d is a measure  of the f rac tion of the excited part icles which

a re  resonant with the laser radiation field and R is a measure  of the number

• of t imes the resonant  and noriresoriant excited part icles  are  interchanged b y

cross  relaxation during t rans i t  through the resona tor .  Parameter  value s in

the range  (Av })/A~ d ) R > 1 imply that all excited par t icles  are  resonant  with

the laser radiation field at some time dur ing t r ans i t  throug h the resonator .

Inhomogeneous broadening e f fec t s  become more  severe  in low pres-

sure  cw chemical lasers  when the s t reamwise  length of the resonator  is

smalle r than the s t reamwise  length  of the positive gain reg ion. in the latter

case  the number  of par t ic le  collisions per t rans i t  th roug h the r e sona to r  is

of order  (~~x / x Cd ) R , where Ax is the resona tor  length , and in homo geneous

broadening effec ts  a re  expected to be neg lig ible when

(i~ X / X d
) (

~~~
vh /~~~

l
d

) R 2 . 0 (10~. (50 )
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The la t ter  reduces to the previous express ion (Av h /A~ d ) R 2 0 (10) when

the resonator  length is of the order  of the s t reamwise  length of the positive

gain region ( i . e . , when Ax is of o rder  x d ). Eq. (50 )  may be viewed as

a g e n e r a l i z e d  c r i te r ia  which accounts for  a r b i t r a r y  r e sona to r  length. The

in f luence  of resonator  length on inhomogeneous e f fec t s  in cw chemical lasers

h a s  bee n ob s e r v e d  ex pe r iment al ly. In par t icular , long itudinal mode pulling1

was found to be more severe  when a stable resonator  (Ax - 0. 1 cm) was

app lied to a cw chemical  laser supersonic gain medium (x d 
1 cm)

t 4  
than

when an unstable resonator (Ax 1 cm) was app lied.

Chodzko , R. A. and W a n g ,  C. P . ,  The Aerospace  Corpora t ion , pr ivate
communica t ion .
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APPENDIX A

CHARACTERISTIC VALUE S OF PARAMETERS

Characteristic value s of line shape parameters , r ate paramet ers and

stimulated emission coefficients are given herein with emp hasis  on HF lasers .

A. LINE SHAPE

1. DOPPLER BROADENING

The characterist ic width of a Dopp ler-broadened line shape is (FWHM)

2
= 7 .163  x ~ y 7 

~~~. ( T )  (sec ) ( A - i )

where T is in K , and M is the molecular wei ght of the lasing molecule in

grams per mole . For an HF laser  (M = 20, X = ~~~. 77 ~ 1o
6 m), Avd 300 

~
<

10 6(T/ 300 )~~~2

2. PRESSURE BROADENIN G

The characteris t ic  width of a p re s su re-b roadened  line shape can be

expressed
3’ 16 

(FWHM) as

= 5 .996  x 10 10 
~~ 

p
~ 

(a t m)  (a t m ~ cm 
1
) (scc 1 )

where p. is the partial pressure of species i and ‘y. is the broadening  coef f ic ien t

for that  species.  The coeff ic ient  y. depends on t e mp e r a t u r e  level , as we ll as

rotational and vibrational  energy  leve ls J and v , res pec t ive l y.  Values  of

- 53 -  
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a re  given in Table A- i  for HF and DF lasing molecules perturbed by variou s

other molecules. For a typical hard sphere collision , 8 
= k

gk /(21T CPi
)

[E q. (A - 7)]. Typical partial pressures in a cw HF chemical laser 14 are

p 1/p = 0. 12 , 0. 39, 0.47 and 0. 02 for species n . = I-IF, He, H 2, and

respectively. With room temperature value s of the broadening coefficients ,

i.e., y. 0.2, 0.005, 0.03 and 0.03, respectively, it is found that

300 x io6 = 0. 01 p(Torr ) ,  where p (Tor r )  is the net static pressure  in Torr

in the lasing region. It follows that under typical cw HF laser operating

conditions

A vh
= 0.01 p(Torr) (A-3)

d

Generally, p(Torr ) 0(10), and 
~~~~~~~~~ 

= 0(0. 1).

B. RATES

Reactions of the form

A + B ~~~ C + D  (A-4a)

d( A J  
= -~~[BJ [A ] -k[A} (A-4b )

are of concern , where k ~~[B] is an average rate coefficient. (Note that k 1

is the characteristic time for  the react ion. )  An a v e r i ~~ value of [B] is used

in the definition of k. The latter is in u n t t s  ~t sec 1 
and can be expressed in

the form

—~~~-- =~~~~B ~~~ (A -4c )
~B ~ B .~QT

where  .~~~
‘ is the universal  gas constant.
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1. COLLISIONA L DEACTIVATIO N RATE

From Ref. 12, the HF collisional deactivation process is characterized

by the rate for the process

k
HF(v)  + H F— ~~ HF(v - 1) + HF (A - 5 a)

d[HF(v) ]  
= ~k d [HF(V) ] ( A - S b )

12where

k Cd 
= 

v (3  x io 14 
+ ~~~ x 10~ T~~~~~) ( A - 6 )

~ HF • T

The choice v = 2 provides a typical value for k d .

~~~. HARD-SPHERE COLLISION RATE

Let kgk denote the number of collisions per unit time that a particle of

species A undergoes with the particles of species B. The quantity (k gk )
~~ 

is

the character is t ic  time between collisions . For a hard sphere  model ,

8.40 x io 25 (°A + O B) / 1 1 \ 112 -1 -1
= 

T 11” ~~~ ~~~~ 
(sec atm

( A - 7 )

where kgk is te rmed the “gas kinetic ” collision rate . Here , ~ = 1 and 2 a re

for A = B and A ~ B , respectively, and a is the particle diameter in
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centimeters . The gas kinetic rate for collisions between an HF molecule

and other HF molecules is (note that ThF = 2 . 7  ~< 10 8cm , and ~ = 1)

k gk = 4 . 4 7 x 1 0 9(~~~~) (sec t atm 1) ( A - 8 )
~HF

Collisions of HF with other species are not considered he re in,  It can be

assumed that the number density distribution function n( ’~) is random ized after

each collision between HF and a particle of similar or greater mass.  Hence ,

assume k = k . Corresponding values of R, for  an HF laser , are givencr gk
in Table A— 2. It is seen that 10< R < 200 for  100 < T < 1000. Desp ite the

supersonic expansion in cw chemical lasers, the temperature in the lasing

region tends to be of order 500 K because of reaction heating and nozzle wall

boundary layer effects.  Thus , typically, R = 0(100).

3. STIMULA TED EMISSION COEFFICIENTS

The gain for a P-branch transition (v + 1, 3 - I -~ v, 3) can be wri t ten

for the case of rotational e quilibrium,

I -23T fT  \
g = a  In  - e R n I (A-9 ) -v,J v,J\ v+1

An approximate expression for the line center value of a 
~~

. f or an HF l aser

is 12 (with A’
~
J
h 

<< Av
d 
assumed)

- 
4 .2 6  x 10 11 ( 1 + v - 0 . 01v 3 )(1 + 0 , 063J)J ( cm ~ \ (A 10)v,J 

- 

T 312 exp[J(J - 1)T R IT] \ mol / -
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where TR 
= 30. 16 K. Comparison with the present development indicates

= (~~~)a~~~~3 
( A - i l )

As previously noted , ao Av
h 

is independent of p ressure .
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APPENDIX B

MATHEMA TICAL EXPRESSIONS

The mathematical expressions given here have been used in the present

s tud y. Integrals involving the Lorentzian line shape have the form

- 
~~) = ( B - l a )

f [q(v~ v)] 2 
= (B - lb )

f~(v’ - v)~/~ v” - v )  dv 
2 2 ( B - I c )

-~~~ 1 + [(‘I’ - ‘I) / (A v h )

~ 
p ( v )  -~/ ( v .  - v) dv/A v h

TI j  1 + [2 1./ (1  + R) ]  ~/~(v~ - v)

= e~~~ 

2 
Y [1 - 2 X D ( X )]  + Q (y 2

) l (B - id )

4 ~ 
v . - v p ( v ) - ~f ( v . - v)  dvfA ~~

IT 1 + [2 1 ./ ( 1  + R ) J  2’ (v. -

= D(X)  - 2X Ye~~~ 0 (Y 2 ) ( B - l e )
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where

21.

~=(~+ ~+)~
X = 2 fi~~ (v ~ -

y u n  2 (Av h /Av d ) 
~

and D(X ) is the Dawson integral which has the following propert ies:

2 ç
Z 

z 2

D(z)  e~~ J e °dz 0 
(B-2a )

(B-2b )

=
~~~~

[1 + —

~

-

~ 
+ —

~~~~ 

+ (B-Zc )

I dD [(AC)~
”2 ] 

= ijz - D[(A~)~
”2I (B-3a)

C 2 ( A C )

AJ D [(AC o) h / Z ld C o = ( A C ) ~~~
2 

- D~(A~ )~~~
2] (B-3b )

~
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N O M E N C L A T URE

A , B , C coeff ic ients,  Eq. (34 )

c speed of lig ht in vacuum

D ( ) Dawson in tegra l , Appendix B

FWHM full  width at half maximum

C .,  Cc 
no r mal ized gain , Eq. (20 )

~~~~~~~~~~~~~~ ~~~

÷ 

gain per unit length at f r equency  v . ,  Eq. (7a)

1 ( v . ) ,  1 local lasing in t ens it y in ~ y d i rect ion

I net local lasing intensit y,  ~ I ( v . )
3 J

sa tura t ion  in tens i ty ,  [( 1 + R ) / 2 1  ck d /c

i ( v . ) , I. normal ized local in tensi ty ,  Eq. (20)

j longitudinal mode number

J f 
f inal  value of j

k cha rac t e r i s t i c  rate , sec 1

cha rac te r i s t ic  collisional deactivation rate , sec ’
~

— 1
k charac te r i s tic  cross  relaxation rate , sec

cr

L separat ion between m i r r o r s

- v ) ,  (J Loren tz ian  d is t r ibut ion , Eqs. (2b)  and (20d)

m one half and one for laminar  and turbulent  diffusion ,
respectively

N 1, N 2, N T P N 2 nor malized number  densi ty  per unit volume

AN N 2 - N 1

par t icles  (moles)  per un it volume in in terval  v
to + dv
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ri character is t ic  number densi ty ,  [F]

n l +n
z

n 2, n 1 net particles (moles) per unit volume in uppe r and
lower lasin g levels

P (~~ ) net output power per unit nozzle  heig ht up to station

net output power per unit nozzle height

norma lized net out put power , Eq. (29b )

Maxwelliari distribution function , Eq. (5)

p ( v . ) ,  p. norma lized Maxwellian distribution func t ion , Eq. ( 5)

p static p ressure  in lasing reg ion

R k fkcr cd

R mirror reflectivity
m

T static tempera ture , °K

u flow velocit y in +x direction

v random pa rt ic le ve loci t y in +y direction

x , y s t reamwise  and t r ansver se  directions , respectively

xD character is t ic  diffusion distance , Eq. ( 17 )

yf 
(x) f lame sheet shape , Eq. (17)

€ energy  per mole of photons

normalized s t reamwise distance , k d x /u

normalized diffusion distance , k d xD /u

index of re f racti on , Eq. (7)

X wavelength

V f requency ,  sec

-66-

—. ---- -.-----—--.--. - — - - -  -.-- - - -~~-- ,.-—, .-~~~ - .-— — 1’- -. L~ ~~~~~~ ~~~~~~~~~~ - - ,._.
~~~



lasiri g f r equency ,  Eqs.  ( 11) and (12)

Av~ 
longitudinal mode separat ion , c / Z L

Dopp ler width  ( F W H M )

homogeneous width ( F W H M )

separat ion between adjacent  modes, E q. ( 14b)

a cross section for  st imulated emiss ion , Eq. ( 1)

SUBSCRIPTS

0 value at

I lower lasir-i g level

2 upper lasing level

value upst ream of flame sheet

c optical cavity value

e value at end of lasing region

i value at start of lasing or species

j va lue co r r e spond ing t o ‘

~~

.
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L A B O R A T O R Y  O P E R A T I O N S

The L a b o r a t o r y  Op e r a t i i ~os of The A e r o s p a c e  corpora t ion  is conduct ing

exp er imenta l  and theoret ica l  i n v e s t i g a t i o n s  necessary  for the evaluat ion and

applicat ion of s c i e n t i f i c advances lo new m i l i t a r y  concepts  and systems . Vet .

sa t i l i t y  and f l ex ib i l i ty  have been d eveloped to a hig h d e g r e e  b y the labora tory

p e r s o n n e l  in dealing with the many problems encountered  in  the nation ’ s rapidly

deve lop ing  space and m i s s i l e  s y s t e m s . Expert ise in the la tes t  sc ien t i f i c devel-

opments is  v i t a l  to the accomp l ishment  of t a s k s  re la ted  to t he se  problems.  The

labora to r i e s  that contr ibute to this research  are :

A e r o p h y s i c s  Labora tory :  Launch and r een t ry  aerod y n a m i c s ,  heat t ran s .
f e r , r e en t ry  p h y s i c s , c h e m i c a l  k i n e t i c s , s t r u c t u r a l  mechanics , f l i gh t dynamics ,
a t mospher ic  pollution , and hi gh-p ower gas lasers .

Chemis t ry  and P h y s i c s  Labora to ry :  Atmosp her ic  reac t ions  and atmo s-
pheric  optics , chemical  reac t ions  in polluted atmosp heres , chemical  reac t ions
of exci ted  s p e c i e s  in r o c k e t  plu m..s. chemica l  thermod ynamics , plas ma and
la s e r - i n d ’ , c e d  r e a c t i o n s , l a s e r  - ‘ r n , i s t r y .  p ropuls ion  c h e m i s t r y ,  space vacuum
and rad ia t ion  e f f e c t s  on m a t e r i a l s , l u b r i ,  a t ion and su r face  phenomena , photo .
s e n s , t : v e  ma te r i a l s  and s e n s o r s , h ig h p r e c i s i o n  laser  ranging, and the app l i -
ca t i on  of p h y s i c s  and c h e m i s t r y  to problems of law enforcement  and biomedicine .

E lec t ron ic s  R e s e a r c h  L a b o r a t i r  E l e c t r o m a g n e t i c  theory ,  dev ices , and
propagat ion p henomena , i n c l u  i ng p lasma e l e c t r o m a g n e t i c  s quantum e lec t ronic s ,
l a s e r , ,  and e l e i - t r i - o p t i c s ;  com mO nica t i o n  s c i e n c e s , app l i ed  e lec tr on ics , semi-
c o n d u c t i n g ,  s u p e r c o n d u c t i n g ,  and c r y s t a l  dc i i  e phys ics , optical ar id acoust ical
i m a g i n g ;  atmosp h e r i c  po l lu t ion ;  m i l l i m e t e r  wave  and f a r - i n f r a r e d  technology.

M a t e r i a l s  S c i e n c e s  L a bora t :~~~~~ D c -  ~-lopme n t  of new mater ia l s  meta l
matrix composi tes  and new fo rms  f carbon;  t e s t  and e v a l u a t i o n  of grap hite
and e r a , , , , ,  s in  r e e n t r y ;  sp a c e c r a f t  m a t e r i a l s  and c l v  t ron ic  components in
nuclear  weapons  e n v i r o n m e n t ;  a pp lica h n of f r a c t u r e  mechan ic s  to s t ress  cor-
ro sion and f a t i g u e - i n d u c e d  f r a c t u r e s  in  s t r u ct u r a l  meta l s .

~~~~~~ Sc iences  Laborato r y :  -~ t~-iosp h c r i c  and ionosp her ic phys ics . rad ia-
tion f rom the atmosp here , d e n s i t y  an , .  compos i t ion  of the at m osp her e , aurorae
and a i rg l ow :  magne tospher ic  p h ysi c, , cosmic rays , genera t ion  and propagation —

of p lasma waves  in the m a g n e t o s p h e r e ;  s i t a r  ph ys i c s , s t u d i e s  of so l a r  m a g n e t i c
f i e l d s ;  space astronomy,  x . r a y  a i ,  r - v o n i y .  the e f f e c t s  of nuc lea r  explosions .
m a g n e t i c  s to rms , a nd solar  a c t i v i t  on the ca , - , h ’ s atmosp he re , ionosp here , and
magnetosp here:  the e f f e c t s  of op t i ca l , e l e c t r i n a g n e t i . and p a r t i c u l a t e  radia-
l i o n s  in space on space sys tem s .

THE AEROSPACE C O R P O R A T I O N
El S..gundo . C a l i f o r n i a
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